ABSTRACT. We state and prove a Chern-Osserman-type Inequality in terms of the volume growth for minimal surfaces S which have finite total extrinsic curvature and are properly immersed in a Cartan-Hadamard manifold N with sectional curvatures bounded from above by a negative quantity K N ≤ b < 0 and such that they are not too curved (on average) with respect to the Hyperbolic space with constant sectional curvature given by the upper bound b. We have also proven the same Chern-Osserman-type Inequality for minimal surfaces with finite total extrinsic curvature and properly immersed in an asymptotically hyperbolic Cartan-Hadamard manifold N with sectional curvatures bounded from above by a negative quantity K N ≤ b < 0.
INTRODUCTION AND MAIN RESULTS
In the papers [6] and [7] , a Chern-Osserman type inequality was studied for a completely, properly and minimally immersed surface (cmi for short) in the Hyperbolic space, extending the classical result originally established by S.S. Chern and R. Osserman in [4] for cmi surfaces in the Euclidean space to this strictly negatively curved setting.
Chern-Osserman's result (in fact, an improvement on this result due to M.T. Anderson in [1] and to L.P. Jorge and W.H. Meeks in [15] , see also White's work [29] for an approach to this problem for non-minimal surfaces in the Euclidean space) relates the Euler characteristic χ(S) of a cmi surface with finite total curvature in R n with this total curvature and the (finite) supremum of the (non-decreasing) volume growth of the extrinsic domains (known as the extrinsic balls) E r = S 2 ∩ B 0,n r . We denote as B b,n r the geodesic r-ball in K n (b), which is the simply connected real space form with constant sectional curvature b. We also denote as S b,n−1 r the geodesic r-sphere in K n (b). We have In contrast to what happens with cmi surfaces in R n , the total Gaussian curvature of surfaces S 2 immersed in the hyperbolic space H n (b) is always infinite, by the Gauss equation. However, it is possible to consider surfaces S 2 ⊆ H n (b) with finite total extrinsic curvature S B S 2 dσ < ∞, and this is what Chen Qing and Chen Yi did in [6] and [7] . They proved, for a complete minimal surface S 2 (properly) immersed in H n (b) and such that S B S 2 dσ < ∞, the following version of the Chern-Osserman Inequality, in terms of the volume growth of the extrinsic balls:
( 
)
The proof of these authors entails elaborate computations which depend on the properties of the hyperbolic functions, far from the complex analysis techniques used in the Euclidean case.
A natural question which arises in this setting is: do we have an analogous formula when we consider complete minimal surfaces that are properly immersed in a CartanHadamard manifold with sectional curvatures bounded from above by a strictly negative quantity b < 0? In this paper we provide a (partial) answer to this question. Namely, we have proven that this formula holds for complete minimal surfaces that are properly immersed in an ambient Cartan-Hadamard manifold, with the Hilbert-Schmidt norm of its second fundamental form controlled by h b (r), the mean curvature (pointed inward) of the geodesic spheres S b,n−1 r and with finite total extrinsic curvature. We also assume that our ambient Cartan-Hadamard manifold is not too curved (on average) with respect to the Hyperbolic space with constant sectional curvature given by the upper bound b.
To state the first of our main results, it must be remembered (see, for example, [23] ) that Let us suppose that A S (q) < h b (r(q)) outside a compact set K ⊂ S, where r(q) = dist N (o, q) denotes the distance of q ∈ S to a fixed pole o ∈ N and that 
Remark 1.2.
The main theorem in [7] is a corollary of Theorem 1.1. In fact, note that condition (1.4) is superfluous when the ambient manifold is H n (b). On the other hand, when the ambient manifold is H n (b), then condition (1.3) implies that A S (q) goes to 0 as the distance r(q) goes to infinity (see Theorem 2.1 in [22] ), so we have that A S (q) < h b (r(q)) outside a compact set K ⊂ S and we recover the complete statement of the main theorem in [7] . Remark 1.3. By applying the Gauss formula, if the surface S 2 is minimal, the quantity b − K N | S restricted to S only depends on the points p ∈ S. Hence the assumption S (b − K N | S )dσ < +∞ makes sense. We shall denote as K N the restricted K N | S when there is no risk of confusion.
Our proof of Theorem 1.1 basically follows the lines of argument used in the proofs given in [6] and [7] . A basic fact used in these proofs is the monotonicity property satisfied by the volume growth of the extrinsic balls in minimal surfaces that are properly immersed in the real space forms K n (b) with b ≤ 0, namely, that the function
is a non-decreasing function of r. We have the same monotonicity property when we consider the extrinsic balls on a surface S that is properly immersed in a Cartan-Hadamard manifold N with negative and variable sectional curvature bounded from above by b < 0. This monotonicity property comes from certain isoperimetric inequalities satisfied by the extrinsic balls in this context which are, in turn, based on the application of a divergence theorem to comparisons of the Laplacian of the extrinsic distance defined on the surface. As we can see in [9] (see also [16] and [26] ), this comparison arises from the Index lemma, which provides a formula for the Hessian of the distance function in terms of the index form along the normal geodesics to the surface of the Jacobi fields satisfying some given initial conditions.
Following the break with the framework given by the constant curvature of the ambient space H n (b) in the works [6] and [7] , we have had to overcome several analytical and topological difficulties.
First, we have extended the Hessian analysis of the extrinsic distance alluded to earlier (which is used in a restricted way in [6] and [7] for surfaces in the real space forms H n (b)) to surfaces in Cartan-Hadamard manifolds by using comparison results for the Hessian and the Laplacian of a radial function that can be found in [20] , [21] , and [13] . These results are, in turn, based on the Jacobi-Index analysis for the Hessian of the distance function given in [9] , which we have mentioned previously (see the results in subsection §3.1).
Second, and based on this comparison analysis, we have extended the application of the Gauss-Bonnet theorem (which we find in [7] restricted to extrinsic balls on surfaces of Hyperbolic space) to the extrinsic balls in minimal surfaces in a Cartan-Hadamard manifold in order to obtain estimates for the Euler characteristic of these extrinsic domains (see the results in subsection §3.2).
Third, we present the following estimation of the Euler characteristic of an immersed surface
for a suitable exhaustion of S by extrinsic balls {E t } t>0 (see Theorem 4.3 in section §.4). This is a key result which will allow us to argue in a similar way to the line taken in [6] and [7] , even though our ambient manifold has no constant curvature. Thanks to the lower bound of the geodesic curvature of extrinsic spheres ∂E t and to the bound A S (q) < h b (r(q)) outside a compact, it is possible to show that the extrinsic distance to a fixed pole, defined on surface S, has no critical points outside a compact. Hence, we can apply classical Morse theory to conclude that, for an exhaustion of S by extrinsic balls {E t } t>0 , χ(E t ) is independent of t, for a sufficiently large t. Therefore χ(S) = lim t→∞ χ(E t ). When the ambient manifold is the Euclidean or the Hyperbolic space, the bound A S (q) < h b (r(q)) can be omitted because, in this case, the finiteness of the total extrinsic curvature implies that A S (q) goes to 0 as the extrinsic distance r(q) goes to infinity (for more details, see the proofs of Theorem 2.1 in [22] , concerning cmi surfaces in H n (b) and Theorem 4.1 in [1] , about cmi submanifolds in R n ). Another appropriate observation at this point is the following: the upper bound b on the sectional curvatures of the ambient manifold N must be strictly negative, because if we use the Euclidean space as a model, the volume of the extrinsic balls v(t) = Vol(E t ) is not balanced by a function of exponential growth but by the volume function Vol(B 0,2 t ) = πt 2 with slower parabolic growth, and hence the techniques used do not guarantee that Sup t>0
To illustrate the meaning of the expression "not too curved on average with respect to the hyperbolic space", we will refer to Cartan-Hadamard manifolds, which are asymptotic to Hyperbolic space H n (b) in a sense that we define below in the following Definition 1.4 (see [28] ). Let us suppose that A S (q) < h b (r(q)) outside a compact set K ⊂ S and that
where A S denotes the second fundamental form of S in N . Then:
(1) Sup t>0
S 2 has finite topological type,
To conclude we have the following generalization of Theorem 3 in [6] . 1.1. Outline of the paper. The outline of the paper is as follows. In section §.2 we present the basic definitions and facts about the extrinsic distance restricted to a submanifold, and about the rotationally symmetric spaces used as a model for comparison purposes. In section §.3 we present the basic results concerning the Hessian comparison theory of restricted distance function we are going to use, obtaining as a corollary an estimate of the geodesic curvature of the boundary of the extrinsic balls covering the surface and, hence, an estimation of the Euler characteristic of such extrinsic balls. Section §.4
presents the monotonicity property satisfied by the extrinsic balls and the estimation of the Euler characteristic of the surface in terms of the Euler characteristic of the extrinsic balls. Section §.5 is devoted to the proof of Theorem 1.1, section §.6 to the proof of Theorem 1.5, and section §.7 to the proof of Theorem 1.6.
2. PRELIMINARIES 2.1. Curvature restrictions and extrinsic balls. We assume throughout the paper that ϕ : S −→ N is a complete, proper and minimal immersion of a non-compact surface S in a Cartan-Hadamard manifold N . Throughout the paper, we identify ϕ(S) ≡ S and ϕ(x) ≡ x for all x ∈ S. We also assume that the Cartan-Hadamard manifold N n has sectional curvatures bounded from above by a negative bound K N ≤ b < 0. All the points in these manifolds are poles. Recall that a pole is a point o such that the exponential map
, and this distance is realized by the length of a unique geodesic from o to x, which is the radial geodesic from o. We also denote by r the restriction r| S : S → R + ∪ {0}. This restriction is called the extrinsic distance function from o in S. The gradients of r in N and S are denoted by ∇ N r and ∇ S r, respectively. Let us remark that ∇ S r(x) is just the tangential component of ∇ N r(x) in S, for all x ∈ S. Then we have the following basic relation:
Definition 2.1. Let o be a point in a Riemannian manifold M and let x ∈ M \ {o}.
contains the tangent vector to a minimal geodesic from o to x. We also denote these curvatures by
Definition 2.2. Given a connected and complete surface S in a Cartan-Hadamard manifold N n , we denote the extrinsic metric balls of radius R and center o ∈ N by E R (o). They are defined as the intersection
Remark 2.3. It should be pointed out that the extrinsic domains E R (o) are precompact sets (because the submanifold S is properly immersed), with a smooth boundary ∂E R = Γ R (o) = {x ∈ S : r(x) = R}. The assumption on the smoothness of Γ R (o) makes no restriction. Indeed, the distance function r is smooth in N n \ {o}, since N n is assumed to possess a pole o ∈ N n . Hence the restriction r| S is smooth in S and consequently the radii R that produce smooth boundaries Γ R (o) are dense in R by Sard's theorem and the Regular Level Set Theorem.
Remark 2.4.
When the surface S is totally geodesic in the ambient manifold N , the extrinsic R-balls become geodesic balls in S, B S R , and its boundaries are the distance spheres ∂B S R . On the other hand, when S is a totally geodesic hyperbolic plane in the Hyperbolic space form H n (b), the extrinsic R-ball E R becomes the geodesic R-ball B
For the sake of completeness, we are going to state the co-area formula in these preliminaries. To do so, we shall consider a proper C ∞ function f : M −→ R defined on a Riemannian manifold M . The set of critical values of f is a null set of R and the set of regular (1) Let g t be the induced metric on
Remark 2.5. Let us consider an exhaustion of S by a family of nested extrinsic balls {E t } t>0 , centered at a pole o ∈ N . To apply the co-area formula in this setting, we consider the surface S as the Riemannian manifold and the function f in the above statement is the extrinsic distance from the pole f = r. Hence, each extrinsic ball E t = Ω t , the extrinsic spheres are the curves ∂E t = Γ t = {x ∈ S/r(x) = t}, and v(t) = Vol(E t ) is the volume function.
Warped products and model spaces.
Warped products are generalized manifolds of revolution. We refer to [23] for more information about these spaces. 
Remark 2.9. Note that, for the space forms
HESSIAN ANALYSIS, GAUSS-BONNET THEOREM, AND ESTIMATES FOR THE EULER CHARACTERISTIC OF THE EXTRINSIC BALLS
3.1. Hessian and Laplacian comparison analysis. We now assume that S 2 is a complete, non-compact, and properly immersed surface (not necessarily minimal) in a Riemannian manifold N n that possesses a pole o.
The 2nd order analysis of the restricted distance function r |S is governed by the Hessian comparison Theorem A in [9] : 
Then the Hessian of the distance function in N satisfies
for every unit vector X in T x N and for every unit vector Y in T y M with r(y) = r(x) = r and
Remark 3.1. In [9, Theorem A, p. 19], the Hessian of r M is less than or equal to the Hessian of r N provided that the radial curvatures of N are bounded from above by the radial curvatures of M and provided that dim M ≥ dim N . But Hess Mw (r(y))(Y, Y ) do not depend on the dimension m, as we can easily see by computing it directly (see [26] ), so the hypothesis on the dimension can be overlooked in the comparison among the Hessians in this case.
As a consequence of this result, we have the following Laplacian inequalities (see [20] , [26] , or [13] for detailed developments): 
, and given X ∈ T qS unitary:
where H S denotes the mean curvature vector of S in N .
Another result we shall use concerning the radial functions defined on the surface is the following: Proof. Given the exhaustion of S by extrinsic balls {E t } t>0 , we apply the co-area formula to obtain, for each t > 0:
and, on the other hand,
Taking limits when t → ∞ (3.6)
and we have the result because both integrals on the right-hand side of equation (3.6) are non-negative.
3.
2. An application of the Gauss-Bonnet theorem: geodesic curvature of the extrinsic curves on the surface S. These results have been stated and proven previously in [6] and [7] , when the ambient manifold is the hyperbolic space. We extend it here to minimal surfaces in a Cartan-Hadamard manifold. 
where A S denotes the second fundamental form of S in N , e ∈ T S is unitary and tangent to Γ t and η ω b (t) = h b (t) is the constant mean curvature of the distance spheres in the hyperbolic spaces H n (b).
Proof. We apply Proposition 3.2 to f (r) = r to conclude that the geodesic curvature k t g satisfies the inequality (3.8)
where e ∈ T S is unitary and tangent to Γ r . As (3.9)
we obtain: 
where K S denotes the Gaussian curvature of S.
Proof. Applying the Gauss-Bonnet theorem (3.12)
Now, using Proposition 3.4 (3.13) Proof. As K N ≤ b by applying (3.4) to the radial function f (r) = cosh √ −br, and as S is minimal, we have,
We integrate inequality (3.15) within E u and then we apply the divergence theorem to obtain
Deriving and using the inequality above
Now, integrate the inequality above between s and t and apply the co-area formula.
EXTRINSIC ISOPERIMETRY, VOLUME GROWTH, AND TOPOLOGY OF SURFACES
As mentioned in the Introduction, two key ingredients for our proof of the ChernOsserman inequality are the following results: an isoperimetric inequality established in [25] for the extrinsic balls of minimal submanifolds in Cartan-Hadamard manifolds (and also a monotonicity result which is derived from it and from the co-area formula (see [18] and [2] )), and a result which relates the Euler characteristic of a surface with the limit value of the Euler characteristic of the sets of an exhaustion by connected extrinsic balls of such a surface.
The first of these results is stated as follows:
Theorem C. (see [2] , [18] , [25] ) Let P m be a minimal submanifold properly immersed in a Cartan-Hadamard manifold N n with sectional curvature K N ≤ b ≤ 0. Let E r be an extrinsic r-ball in P m , with center at a point o which is also a pole in the ambient space N . Then is monotone non-decreasing in r.
Moreover, if the equality in inequality (4.1) holds for some fixed radius r 0 then E r0 is a minimal cone in the ambient space
Remark 4.1. In [19] there is a comparison among the lower bounds for the isoperimetric quotient in (4.1) and (4.2), depending on the sectional curvature b ∈ R.
A particularization for cmi surfaces in a negatively curved Cartan-Hadamard manifold gives the following monotonicity result:
Corollary 4.2 (Minimal Monotonicity). Let S be a properly immersed and minimal surface in a Cartan-Hadamard manifold N , with sectional curvatures bounded from above by a negative quantity
Then, the functions
are non-decreasing in [0, +∞), where v(t) = Vol(E t ).
On the other hand, we also have the following theorem: as we have mentioned in the Introduction, this is a key result which will allow us to argue as in [6] and [7] , applying classical Morse theory to conclude that χ(S) = lim t→∞ χ(E t ) for an exhaustion of S by extrinsic balls {E t } t>0 .
Recall that an exhaustion of the surface S by extrinsic balls is a sequence of such subsets, centered at the same point {E t ⊆ S} t>0 , such that:
• E t ⊆ E s when s ≥ t • ∪ t>0 E t = S Recall too that the Euler characteristic of a (pre) compact set is finite. (ii) For all sufficiently large t > R 0 > 0, χ(S) = χ(E t ) and, hence, given {E t } t>0 an exhaustion of S by extrinsic balls centered at the pole o ∈ N ,
Proof. Let us consider {E t } t>0 an exhaustion of S by extrinsic balls, centered at the pole o ∈ N . We apply Proposition 3.4 to the smooth curves ∂E t = Γ t . As
we have, on the points of the curve q ∈ Γ t ,
As A S (q) ≤ h b (r(q)) ∀q ∈ S \ K, we have, for all the points q ∈ Γ t and for sufficiently large t,
S r > 0 in Γ t , for all sufficiently large t. By fixing a sufficiently large radius R 0 , we can conclude that the extrinsic distance r o has no critical points in S \ E R0 .
The above inequality implies that for this sufficiently large fixed radius R 0 , there is a diffeomorphism:
In particular, S has only finitely many ends, each of a finite topological type. To prove this we apply Theorem 3.1 in [17] , concluding that, as the extrinsic annuli A R0,R (o) = E R (o) \ E R0 (o) contains no critical points of the extrinsic distance function
The above diffeomorphism implies that we can construct S from E R0 by attaching annuli and that χ(S \ E t ) = 0 when t ≥ R 0 . Then, for all t > R 0 ,
In this Section we are going to prove our main result, (Theorem 1.1), which generalizes the main theorem in [7] .
Let us consider {E t } t>0 an exhaustion of S by extrinsic balls centered at the pole o ∈ N . By adding the quantity bv(t) on both sides of inequality (3.11), using the Gauss formula to replace K S by K N − 
From now on, we denote
It is straightforward to check that
Then, inequality (5.1) becomes
On the other hand, for all t > 0 we have:
and hence
By Theorem 4.3, for all sufficiently large t > R 0 , χ(E t ) = χ(S). Now, we integrate both sides of inequality (5.6) between 0 and a fixed t > R 0 , and taking into account that v(0) cosh(0) = 0, the definition of I(t), applying the co-area formula and using the fact that, by Theorem 4.3, χ(E s ) ≤ |χ(E s )| = |χ(S)| < ∞ ∀s > R 0 :
−bs R(s)ds using the above inequality. To do so, we proceed as follows.
As
Then, applying Proposition 3.3 to the non-negative function f = A S 2 , using hypothesis (1.3), we have:
By also applying Proposition 3.3 to the non-negative function f (x) = b − K N (x) defined on S, and using hypothesis (1.4) we know that:
With these estimates we can conclude, by applying the co-area formula and definition (5.2), that:
where
is a positive and finite constant.
To obtain the result, we need the following:
Lemma 5.1. There is a constant C 2 ≥ 0 satisfying
Proof. Let us consider {e 1 , e 2 } an orthonormal basis of
Applying Cauchy-Schwartz Inequality to the functions
we obtain:
Taking s = 0 in Proposition 3.6 we obtain
As, on the other hand, cosh( √ −br) is non-decreasing, then
√ −bt) and therefore:
−br A S 2 dσ < ∞ as we have seen before.
Returning to (5.10), and using Lemma 5.1, we have
.
the inequality above becomes:
and hence the values of h(t) lie between the zeroes of the function f (x) = x 2 − C 2 x − C 1 (0), which are real and distinct numbers (because C 1 (0) > 0 and C 2 ≥ 0 and it is not possible that C 1 (0) = C 2 = 0). Hence, h(t) (and also h 2 (t)) are bounded.
We have proven that
< ∞ and therefore,
< ∞, so assertion (1) of the Theorem is proven.
To prove assertion (2), we remember equation (5.2) so that inequality (5.1) becomes (5.14)
We now need the following Lemma 5.2.
Proof. As
is non-decreasing, we know that
Hence, integrating both sides of the inequality above:
Again, using the definition of I(t), inequality (5.13), and the arithmetic-geometric mean inequality xy ≤ 
But, by applying the co-area formula,
so we have
On the other hand, by using the co-area formula, inequality (3.17), and Lemma 5.2 we obtain:
Finally, from (5.17) y (5.18) we obtain:
Now considering (5.14), and applying (5.19):
It is straightforward to see, taking into account that Vol(B b,2
Vol(B b,2 t ) and hence
As we define
tending to infinity (namely, t i → ∞ when i → ∞), such that R ′ (t i ) → 0 when i → ∞, and hence
Let us consider the exhaustion of S by these extrinsic balls, namely,
is a family of precompact open sets exhausting S, then the sequence
is monotone non-decreasing. Then we have, by replacing t for t i and taking limits when i → ∞ in inequality (5.22) , that
and hence, by applying Theorem 4.3, S 2 has finite topology and
6. PROOF OF THEOREM 1.5
We are going to apply Theorem 1.1, and to do so it is enough to check that hypothesis (1.4) in Theorem 1.1, i.e., inequality
is satisfied in our setting. By Definition 1.4, we have that
being an extrinsic ball centered at one pole o ∈ N . Hence, if we consider {E t } t>0 an exhaustion of S by extrinsic balls centered at the pole o ∈ N , we have,
−br dσ and, applying the co-area formula as in (3.5) and (3.6), we obtain (6.2)
−bs ds
To prove the theorem, we must check that lim t→∞ v(t)e Taking into account the fact that
On the other hand,
so, using inequality (5.1) in the proof of Theorem 1.1,
Now, we integrate both sides of inequality (6.5) between 0 and t > R 0 as in the proof of Theorem 1.1. Then: Proof. We argue as in Lemma 5.1: by applying Cauchy-Schwartz inequality and the coarea formula, and using inequality (5.13), we obtain (6.9)
= C 4 < ∞ To conclude the proof of the Lemma, we are going to see that, for all t > 0,
By inequality (3.15), we have, for all r > 0
Integrating two sides of (6.11) and applying Divergence theorem, we have 
So, by integrating both sides of (6.13) between 0 and t and using the co-area formula, and the fact that e √ −br is non-decreasing: (6.14)
Then, there exists C 4 ≥ 0 such that (6.15)
Now, using inequality (6.7) and Lemma 6.1 we have
We are now going to see that ≥ 0 for all t > 0 and, as S is minimal, using inequality (4.2) in Theorem C, f ′ (t) ≥ 0 for all t > 0. Moreover, we can assume that there exists t 0 > 0 such that f (t) ≥ 1 for all t ≥ t 0 (in contrast, f (t) ≤ 1 ∀t > 0 and the theorem is proven using inequality (6.2)). Hence, f (t) ≥ f (t) for all t ≥ t 0 and inequality (6.20) becomes (for all t > 0 because f (t) is bounded in [0, t 0 ]): ) is bounded, so the Theorem is proven by using inequality (6.2).
PROOF OF THEOREM 1.6
This proof is modeled on the proof of Theorem 3 in [6] . As S is minimal, we apply Theorem C, the fact that the center of the extrinsic balls o ∈ S, and the co-area formula to obtain (see [25] for detailed proof), that the function v(t) = Vol(E t ) satisfies S and S is a minimal cone in N . Moreover, by applying Theorem 3.1 in [17] , χ(E t ) = χ(S) for all t > 0. As, for sufficiently small t, the extrinsic and the geodesic balls are diffeomorphic, E t ≡ B b,2 t , then χ(S) = 1. 
